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31. Evaluating a work integral two ways Let F = V(x*y?) and
let C be the path in the xy-plane from (—1, 1) to (1, 1) that con-
sists of the line segment from (—1, 1) to (0, 0) followed by the
line segment from (0,-0) to (1, 1). Evaluate f cFrdrin two ways.
a. Find parametrizations for the segments that make up C and

evaluate the integral.

b. Use f(x,y) = x°y* as a potential function for F.

34. Gradient of a line integral Suppose that F = V§ i5 5 Conse
vative vector field and T

xp2)
gy, z) = / F-dr.
(0,0,0)

Show that Vg = F.

35. Path of least work You have been asked to find the path along
which a force field F will perform the least work in moving 3
particle between two locations. A quick calculation on your part
shows I to be conservative. How should you respond? Give rea-

. sons for your answer. ‘ .

b. The line segment from (-1, 7) to (1, 0) 36. A revealing experiment By experiment, you find that a force

¢. The x-axis from (—1,0) to (1, 0) field F performs only half as much work in moving an object

d. The astroid r(?) = {cos® )i + (sin®#)§, 0 = ¢ =< 2, coun- along path C; from A to B as it does in moving the object along

terclockwise from (1, 0) back to (1, 0) path C, from A to B. What can you conclude about F? Give rea-
», y sons for your answer. :

32. Integral along different paths Evaluate the line integral
f c2xcosydx — x? siny dy along the following paths C in the
xy-plane.

a. The parabola y = (x — 1)? from (1, 0) to (0, 1)

0.1 37. Work by a constant force Show that the work done by a con-
©.D : stant force field F = ai + bj + ck in moving a particle along
any path fromAtoBis W= F+AB.

Gravitational field

L9 7

(1,0) 38,
X

a. Find a potential function for the gravitational field

. F— GMxi+yj+zk
0, =1 Tooom G2+ 2 + 2)32

33. a. Exact differential form How are the constants a, b, and ¢ (G, m, and M are constants).

related if the following differential form is exact? b. Let P, and P, be points at distance s, and s, from the origin.
Show that the work done by the gravitational field in part (a)

in moving a particle from P, to B, is

1 1
GmM(g - E)

(ay? + 2czx) dx + y(bx + c) dy + (ay? + cx?) dz
b. Gradient field For what values of b and ¢ will
A F = (32 4 2cz0)i + y(bx + c2)j + (% + exP)k
be a gradient field?

1 6.4 Green’s Theorem in the Plane

If F is a conservative field, then we know F = V f for a differentiable function f, and we
~can calculate the line integral of F over any path C joining point A to B as
f cF+dr = f(B) — f(A). In this section we derive a method for computing a work or flux
integral over a closed curve C in the plane when the field F is not conservative. This
method comes from Green’s Theorem, which allows us to convert the line integral into a
double integral over the region enclosed by C.
The discussion is given in terms of velocity fields of fluid flows (a fluid is a liquid or
a gas) because they are easy to visualize. However, Green’s Theorem applies to any vector
field, independent of any particular interpretation of the field, provided the assumptions of
the theorem are satisfied. We introduce two new ideas for Green’s Theorem: circulation
density around an axis perpendicular to the plane and divergence (or flux density).

SR SR

Spin Around an Axis: The k-Component of Curl

Suppose that F(x, y) = M(x, y)i + N(x, y)j is the velocity field of a fluid flowing in the
plane and that the first partial derivatives of M and N are continuous at each point of a
region R. Let (x, y) be a point in R and let A be a small rectangle with one corner at *¥
that, along with its interior, lies entirely in R. The sides of the rectangle, parallel to the
coordinate axes, have lengths of Ax and Ay. Assume that the components M and N do not
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region R is always on the left-hand side as the curves are traversed in the directions shown,
and cancelation occurs over common boundary arcs traversed in opposite directions, With
this convention, Green’s Theorem is valid for regions that are not simply connected,
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FIGURE 16.35 Other regions to which Green’s Theorem applies. In (c) the axes convert the region into four simply
connected regions, and we sum the line integrals along the oriented boundaries.

; Exércises

Verifying Green’s Theorem | CILJF = 220+ Bty j i2. F=—5—i+ (tany)j
In Exercises 1-4, verify the cpnclusion of Green’s Theorem by evaluat- ( / 2 1+y
ing both sides of Equations (3) and (4) for the field F = Mi + Nj. Take e
the domains of integration in each case to be the disk R: % + y? = g?
and its bounding ciicle C: r = (acos Hi + (asin9)j, 0 = t = 2.

1. F = —yi +xj 2.F=y >

3. F = 2xi — 3yj 4, F = —xXyi + v2

<
=

Circulétion and Flux
In Exercises 514, use Green’s Theorem to find the counterclockwise
circulation and outward flux for the field F and curve C. ©,0)

S. F=—i+(y—xj
C: The square bounded by x = 0,x = 1,y = 0,y = 1

13, F = (x + e*sinyi + (v + e*cos y)j

6. F= (% +4)i+ (x+y)j
( P+ (e 5] C: The right-hand loop of the lemniscate r? = cos 20

. C: The square bounded by x = 0,x = 1,y = 0,y = 1
JTE= (P =2+ (P 7)) <'
e

F= (tan y>1 + In(x% + y2)j
“ C: The triangle boundedby y = 0,x = 3, and y = x

L . -~ C: The boundary of the region defined by the polar coordinate
=i (YY) inequaliies ] = r=2,0=60 =7
C: The triangle bounded by y = 0,x = 1, and y = x 15

TN

. Find the counterclockwise circulation and outward flux of the

9. F=(xy+y)i+Ex—yj 10. F=(x+ 3+ 2x— y)j field F = xyi + y’j around a a_nd over the boundary of the region
enclosed by the curves y = x and y = x in the first quadrant.

y 16. Find the counterclockwise circulation and the outward flux of the
A field F = (—sin y)i + (xcos y)j around and over the square cut
from the first quadrant by the lines x = /2 and y = 7/2.

c il 2rat=2 17. Find the outward flux of the field

| e N e (3o
5 ’ —2\\“’/2 1+

across the cardioid r = a(1 +.cos6),a > 0.

y>1+(e"+t “1y)j




18, Find the counterclockwise circulation of F = (y + elny)i+

(e*/y)j around the boundary of the regjon that is bounded above
by the curve y = 3 — x? and below by the curve y = x* + 1.

Wofk ‘

In Exercises 19 and 20, find the work done by F in moving a particle

* once counterclockwise around the given curve.

19, F = 2% + 425

: C: The boundary of the “triangular” region in the first quadrant
enclosed by the x-axis, the line x = 1, and the cuive y = x3

20, F = (dx — )i + (2x — 4)]
. C:Thecircle (x — 2>+ (y — 22 =4

| Using Green's Theorem
. Apply Green’s Theorem to evaluate the integrals in Exercises 21-24.

L, y{(yz dx + x* dy)
L ‘
C: The triangle bounded by x = 0, x + y = 1,y = 0

22. %(3ydx + 2x dy)
P i
C: The boundaryof 0 = x < 7,0 < y < sinx

ﬁuf@wwﬂ+@+M@
C: Thecircle (x — 2> + (y — 32 =4
n %(2;:4 ) dx + (2 + 3y) dy

C: Any simple closed curve in the plane for which Green’s Theo-
rem holds

Calculating Area with Green’s Theorem If a simple closed curve
- Cin the plane and the region R it encloses satisfy the hypotheses of
- Green’s Theorem, the area of R is given by

Green’s Theorem Area Formula

Area of R = %fxdy — ydx

C

EThe reason is that by Equation (4), run backward,

AreaofR=//dydx=/]<%+%)dydx
® R
—dlig -1 '
—%Zxdy 2y@.

Cc

Use the Green’s Theorem area formula given above to find the areas
of the regions enclosed by the curves in Exercises 25-28.

25 The circle r(f) = (acos i + (asingj, 0=t=27w
2. The ellipse r(#) = (acos i + (bsin®)j, 0=1r=27w
By

27.
(28.
g

29.

30.

31.

32,

33.

34,

35

36.

37,
" the necessary derivatives exist and are continuous, show that if

.One arch of the cycloid x = t — sint,

993

16.4 Green’s Theorem in the Plane

O0=r=2w

y=1-—cost

The astroid r(f) = (cos®s)i + (sin®1)j,
)

Y

Let C be the boundary of a region on which Green’s Theorem
holds. Use Green’s Theorem to calculate

a. %f(x) dx + g(y) dy
¢

b. %ky dx + hxdy (kand h constants).

Integral dependent only on area  Show that the value of

j{xyzdx + (% + 2x) dy

around any square depends only on the area of the square and not

on its location in the plane.
Evaluate the integral

7{4x3y dx + x*dy
¢
for any closed path C.

Evaluate the integral

7{_),3 dy + x3.dx
F ,
for any closed path C.

Area as a line integral Show that ifRisa reglon in the plane
bounded by a piecewise smooth, snnple closed curve C, then

Areaof R = y{xdy = —y{ydx.
¢ ¢

Definite integral as a line integral - Suppose that a nonnegative
function y = f(x) has a continuous first derivative on [a, b]. Let

C be the boundary of the region in the xy-plane that is bounded -

below by the x-axis, above by the graph of f, and on the sides by
the lines x = a and x = b. Show that

b
/ &) dx = —Y{ydm

¢
Area and the centroid Let A be the area and x the x-coordinate
of the centroid of a region R that is bounded by a piecewise
smooth, simple closed gurve C in the xy-plane. Show that

y{ x*dy =— %xydx—~jl{ x2dy — xy dx = AX,

Moment of mertla Let I, be-the moment of inertia about the
y-axis of the region in Exermse 35. Show that

%y{,\? dy = —%xzydx =%jl{x3 dy — x*ydx =
z ¢ ¢

Green’s Theorem and Laplace’s equation Assuming that all

f(x, y) satisfies the Laplace equation
9% 92
A

PR =0,
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then

)
%dx - a];dy =
& :
for all closed curves C to which Green’s Theorem applies. (The
converse is also true: If the line integral is always zero, then f
satisfies the Laplace equation.)

38. Maximizing work Among all smooth, simple closed curves in
the plane, oriented counterclockwisg, find the one along which
the work done by

7 F= (%xzy + %y3)i + xj

" is greatest. (Hint: Where is (curl F) - k positive?)

39.) Regions with many holes . Green’s Theorem holds for a region

// R with any finite number of holes as long as the bounding curves
are smooth, simple, and closed and we integrate over each com-
ponent of the boundary in the direction that keeps R on our imme-
diate left as we go along (see accompanying figure).

a. Let f(x,y) = In (x* + y?) and let C be the circle
x* + y* = g Evaluate the flux integral

fo-nds.

¢
b. Let K be an arbitrary smooth, simple closed curve in the plane
that does not pass through (0, 0). Use Green’s Theorem to
show that

?ﬂw-nds
. K

l 6.5 Surfaces and Area

has two possible values, depending on whether (0, 0) Jieg
inside K or outside K.

40. Bendixson’s criterion The streamlines of a planar fluig flow
are the smooth curves traced by the fluid’s individua] particles,
The vectors F = M(x, y)i + N(x, y)j of the flow’s velocity figlq
are the tangent vectors of the streamlines. Show that if the floy
takes place over a simply connected region R (no holes or miss-
ing points) and that if M, + N, # 0 throughout R, then nope of
the streamlines in R is closed. In other words, no particle of flujq
ever has a closed trajectory in R. The criterion M, + N, 50
is called Bendixson’s criterion for the nonexistence of closed
trajectories.

41. Establish Equation (7) to finish the proof of the special case of
Green’s Theorem, :

42,

Curl component of conservative fields Can anything be sajd
about the curl component of a conservative two-dimensional vec-
tor field? Give reasons for your answer. :

COMPUTER EXPLORATIONS

In Exercises 4346, use a CAS and Green’s Theorem to find the coun-
terclockwise circulation of the field F around the simple closed curyve
C. Perform the following CAS steps.

a, Plot Cin the xy-plane.
b.. Determine the integrand (5N /ax) — (M /dy) for the tangen-
tial form of Green’s Theorem.

¢. Determine the (double integral) limits of integration from
your plot in part (a) and evaluate the curl integral for the
circulation,
43. F = (2x — )i + (x + 3y)j, C: Theellipse 32 + 4y = 4
2

2
4. F = (27 = i + (¢ + 7)), C Theellipse X + yg =1

45. F = x71i + (¢ Inx + 2w)j,

C: The boundary of the region defined by y = 1 + x* (below) and
y = 2 (above) :

46. F = xe’i + (4x2 Iny)j, .
C: The triangle with vertices (0, 0), (2, 0), and (0, 4)

We have defined curves in the plane in three different ways: -

Explicit form:
Implicit form:

Parametric vector form:

y = fx)
Flx,y) =0
(@) = fOi + (0§, a=t=b.

We have analogous definitions of surfaces in space:

Explicit form:
Implicit form:

z= f(x,y)
F(x,y,2) = 0.
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